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Abstract. We study the bounded fundamental class in the top dimen- 
sional bounded cohomology of negatively curved manifolds with infinite 
volume. We prove that the bounded fundamental class of M vanishes 
if M is geometrically finite. Furthermore, when M is a R-rank one lo- 
cally symmetric space, we show that the bounded fundamental class of 
M vanishes if and only if the Riemannian volume form on M is the 
differential of a bounded differential form on M. 



1. Introduction 

The bounded cohomology H^{M, M) of a topological space M is defined as 
the cohomology of the subcomplex (M, M) of the singular cochain complex 
C*(M, R) consisting of bounded cochains. The inclusion of the complex 
C^(M, R) into C*(M, R) gives rise to the comparison map 

cIj : H^{M,R) H*{M,R). 

Bounded cohomology classes encode subtle properties of algebraic and 
geometric nature of Riemannian manifolds. In particular, the second bounded 
cohomology classes have been intensively studied. For instance, Ghys [14] 
proved that the bounded Euler class in i?^(r,R), which is inherited by a F- 
action on a circle, completely characterizes the action up to semi-conjugacy. 
Burger, lozzi, and Wienhard [7] showed that, when X is an irreducible Her- 
mitian symmetric space not of tube type, the Zariski-dense representations 
into the isometry group of X for any finitely generated group F are classi- 
fied up to conjugacy by the bounded Kahler class. Furthermore, the second 
bounded cohomology of a closed surface was studied by Brooks-Series [5], 
Mitsumatsu [24], Barge-Ghys [2], and so on. The aim of the present pa- 
per is to study the vanishing of the bounded fundamental class in the top 
dimensional bounded cohomology in relation to the geometric property of 
negatively curved manifolds. 

Let M be an n-dimensional, connected, complete Riemannian manifold 
with negative sectional curvature bounded away from zero. Thurston [31] 
introduced the geodesic straightening map Str^ : C*(M, R) — )• C*(M, R) 
homotopic to the identity. It is well-known that the volume of geodesic 
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simplices in M is uniformly bounded from above [21]. Hence, a bounded 
singular n-cocycle Qm is defined by 



for a singular simplex a : A" — >■ M, where ujm is the Riemannian volume 
form on M. The bounded n-cocycle Qm determines a bounded cohomology 
class [wAf] in HJ^'{M,R) representing the volume class in f/""(M, M). We call 
the bounded cohomology class [ojm] £ -ff^(M, R) the bounded fundamental 
class of M. 

One can easily notice that if M is a closed manifold, the bounded funda- 
mental class of M is non-trivial because the volume class of M is non-trivial 
in i?"'(M, M). However, the situation in the case of open manifolds is a bit 
different. The volume class of an open manifold M vanishes in iJ"(M, M). 
In spite of that, the bounded fundamental class may not vanish in the top 
dimensional bounded cohomolgy of M. Hence, it can be expected that the 
bounded fundamental class of M encodes more specific geometric properties 
of M. 

A negatively curved Riemannian manifold M is called geometrically finite 
if a neighborhood of the quotient of the convex hull of the limit set has a 
finite volume. See section 4 for details. For a complete hyperbolic 3-manifold 
M with infinite volume. Soma [20] showed that [Qm] = in H^{M,M.) 
if and only if M is geometrically finite. We further explore the bounded 
fundamental class of general negatively curved manifolds and first obtain a 
sufficient condition for the bounded fundamental class to vanish as follows. 

Theorem 1.1. Let M be an n- dimensional, negatively curved geometrically 
finite manifold with infinite volume. Then, [Qm] = in H^(M,M). 

In particular, when M is a three-dimensional, pinched negatively curved 
manifold with infinite volume and positive injectivity radius, it turns out 
that the bounded fundamental class of M does not vanish in H^{M, M) if M 
is not geometrically finite. Thus, we can see that the bounded fundamental 
class of M precisely encodes the geometrically finiteness of M. 

Theorem 1.2. Let M be a complete, pinched negatively curved three-manifold 
with infinite volume and positive injectivity radius. Then, [Qm] = in 
H^{M,M.) if and only if M is geometrically finite. 

For a pinched negatively curved three-manifold M with infinite volume 
and positive injectivity radius, it can be shown that the following conditions 
are equivalent. 

(a) M is geometrically finite. 

(b) The Cheeger isoperimetric constant of M is strictly positive. 

(c) The Riemannian volume form on M admits a bounded primitive, 
i.e., the volume form is the differential of a bounded two form. 
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By the works of Bonahon [3] and Hou [20], the conditions (a) and (6) are 
equivalent. Sikorav [28] shows that the conditions (b) and (c) are equivalent 
if M has bounded geometry in the sense that it is complete, its sectional 
curvature is bounded in absolute value, and its injectivity radius is bounded 
below. Recall that, given a differential form a on a Riemannian manifold, if 
dj3 = a and the norm of /3 is bounded, then /3 is called a hounded primitive 
of a. Therefore, it follows from Theorem 1.2 that [cDm] = in //^(M, M) is 
equivalent to (a), (6), and (c). 

Although we get four equivalent conditions only in the case of pinched 
negatively curved three-manifolds with infinite volume and positive injec- 
tivity radius, it gives us some clue to what informations are encoded by 
the bounded fundamental class in general. From Theorems 1.1 and 1.2, 
one can expect that the bounded fundamental class precisely encodes the 
positivity of the Cheeger isoperimetric constant. Note that Theorem 1.1 
supports the expectation because the Cheeger isoperimetric constant of ge- 
ometrically finite manifolds is strictly positive by the work of Hamenstadt 
[19]. For M-rank one locally symmetric spaces, we obtain a necessary and 
sufficient condition for the bounded fundamental class to vanish, which still 
supports the expectation. 

Theorem 1.3. Let M he an n- dimensional, M-rank one locally symmetric 
space. Then, [lom] = in i?^(M, M) if and only if the Riemannian volume 
form 00 M on M is the differential of a hounded differential form on M . 

The question of when a differential form a admits a bounded primitive 
has been raised by Gromov in [17] and [18] when a is of degree 2 and in [16] 
when a is the volume form. In degree 2, the existence of a bounded primitive 
is strongly related to cofilling inequalities, hyperbolicity phenomena. Gro- 
mov asserted that the existence of a bounded primitive of the Riemannian 
volume form is closely related to the positivity of the Cheeger isoperimetric 
constant [18]. In fact, Sullivan [30] asked whether openness at infinity of 
M implies the existence of a bounded primitive of its volume form. Recall 
that M is called open at infinity if there is a constant C > such that any 
compact domain C M satisfies the inequality Vol(r2) < CYo\{dVL). Note 
that a manifold with infinite volume is open at infinity if and only if the 
Cheeger isoperimetric constant of the manifold is strictly positive. Thus, a 
geometrically finite manifold with infinite volume is open at infinity. From 
Theorems 1.1 and 1.3, we answer Sullivan's question for geometrically finite, 
M-rank one locally symmetric spaces in the affirmative. 

Corollary 1.4. Let M he a geometrically finite, M-rank one locally sym- 
metric space with infinite volume. Then, the Riemannian volume form on 
M admits a hounded primitive. 

In the case of hyperbolic three-manifolds, we have the following corollary 
from Theorem 1.3. This gives a proof of Gromov's assertion in [18] for 
hyperbolic three-manifolds. 
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Corollary 1.5. Let M be a complete hyperbolic three-manifold with infinite 
volume. The following are equivalent. 

(a) [Qm] = in H^{M,R). 

(b) The Cheeger isoperimetric constant of M is strictly positive. 

(c) The Riemannian volume form on M admits a bounded primitive. 

(d) M is geometrically finite. 

2. Bounded de Rham cohomology 

In this section, we review some results about the bounded de Rham coho- 
mology of symmetric spaces and then extend the results to simply-connected 
Riemannian manifolds with negative sectional curvature bounded away from 
zero. 

Let ^}^{M) be the set of differential forms on a Riemannian manifold M. 
For a G 0'=(M), define the sup norm on Q^{M) as 

||a||oo = sup sup \ax{vi, . . . ,Vk)\, 

x&M vx,...,Vk€TlM 

where T^JM is the unit tangent sphere of M at j; € M. Consider the space 
of bounded differential forms on M whose differentials are also bounded, 

0^(M) = {a G Q^{M) I ||a||oo < oo and \\da\\oo < oo}. 

By definition, the exterior differential satisfies d{Vt^{M)) C r2^^(M), so 
{Vt*^{M),d) is a subcomplex of the standard de Rham complex. The coho- 
mology of this subcomplex is called bounded de Rham cohomology, denoted 

Let X he, Su symmetric space of non-compact type of rank rx and G be 
the identity component of the isometry group of X. Recently, Wienhard [33] 
showed the existence of a bounded primitive of a closed bounded differential 
form on X with degree k > rx + ^. In particular, G-invariant differential 
forms on X admit P-invariant bounded primitives for a minimal parabolic 
subgroup P < G. 

Proposition 2.1 (Wienhard). Let X be a symmetric space of non- compact 
type and G the connected component of the group of isometrics. Let a be a 
G-invariant differential form on X, then there exists a bounded differential 
form /3 with d(3 = a. Moreover, f3 can be chosen to be P -invariant for a 
minimal parabolic subgroup P < G. 

Let X be a complete, simply connected, Riemannian manifold with nega- 
tive sectional curvature bounded away from zero. Denote by G the isometry 
group of X. Let dx be the G-invariant Riemannian distance function on X. 
The visual boundary dX of X is defined as the set of asymptotic classes of 
geodesic rays. Let ^ G dX and j : M X a geodesic representing ^. The 
Busemann function : X x X ^ M is defined by 

B^{x,y) = lim {dx{x,j{t)) - dx{v,l{t))). 

t— >-oo 
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Let's set B'^{x) = B^{x,xo) for a point xq € X. The level sets of i?^ 
are horospheres centered at ^. Let = — grad-B^ be the negative gradient 
vector field of and : X ^ X the corresponding flow. Then, ||V^|| = 1. 

Furthermore, and (f>^ are independent of the choice of the geodesic 7 
representing ^. By a similar argument in the proof of [3-]], we can prove the 
following proposition. 

Proposition 2.2. Let X he a complete, simply connected, Riemannian man- 
ifold with negative sectional curvature bounded away from zero and a a closed 
bounded smooth differential form of degree k on X . If k >2, there exists a 
bounded {k — \)-form P on X with df3 = a. 

Proof. We can assume that X has all sectional curvatures at most —1 by 
scaling the metric. Let ^ be a point in dX. Let's define 73; : M — >■ X for every 
X ^ X hy 7x-(i) = 4>\{x)- Note that 7^; is the unique unit speed geodesic 
passing through x = 7a; (0), which is asymtotic to ^ at infinity. If a vector 
V G T^X is orthogonal to V^, then is a Jacobi field of geodesic 

variation by geodesic that is perpendicular to and it decays uniformly 
exponentially. Thus, we have 

(1) \\{4Uv)\\<e-'\\v\\. 

Let vi,...,Vk G T];.X. Each Vi can be uniquely written by Vi = vf + 
vj , where vf is a vector perpendicular to and vj is a vector tangent 

to V^. Then, {4>\)*{yf) is a Jacobi field along the geodesic 7^;, which is 
perpendicular to for each i = 1, . . . , /c, and so it satisfies Equation (1). 

Consider the set Si of all i-combinations of a set {1, . . . , A;} for each i = 
1, • • • , fe. Recall that a z-combination of the set {1, . . . , A;} is a subset of i 
distinct elements of {1, . . . , /c}. Let's set 

Qi = {e = (ei, . . . , efc) | Cj = \i j ^ B and Cj = vJ otherwise}, 

B&S, 

for each i = 1, . . . ,k. If A; > 2, we have 

\{4)*a{vi,...,Vk)\ = \i4yaivf + vj,...,vf + vl)\ 

k 

= 1 Yl a((4).e)+ J]a((4).e) 

= e-('=-i)*(A; + e-*)||a||oo. 

The third equation follows from a{{(f)f)^,e) = for e € Qi if i < k — 1. In 
fact, if e € Qi for i < A; — 1, at least two vectors in the coordinate of {(pt)*^ 
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are tangent to V^. Thus, a((i;^>f)*e) = because a is alternating. From the 
above inequahty, the integral 



r>oo 

a' = - {(j)^)*adt 







is well-defined and, moreover, a' is a bounded differential form on X. By 
the construction of a' , we have £v^Ci' = Oi and da' = 0, where denotes 
the Lie derivative in the direction of V^. We set /? = iy^a' , where iy^ is the 

rn^ 



contraction of a' with the vector field Vc. Then 



a = fivjo' = d{ivi.a) + ivi.{da) = dp. 

Since a' is bounded and is a unit vector, 

\l3{vi, . . . ,Vk-i)\ = \iv(a{vi,. . . ,Vk-i)\ 
= \a'{V^,vi,...,Vk-i)\ 

< l|a'l|oo||V5||||i;i|| • • • ||t^fc-i|| 

< lla'lloo- 

Therefore, we can conclude that /? is bounded. □ 

From Proposition 2.2, we can obtain an immediate corollary about the 
bounded de Rham cohomology of X as follows. 

Corollary 2.3. Let a € M) be a closed bounded form for k > 2. 

Then [a] = in H^^^{X,R). In particular, H^^j^{X,R) = 0fork>2. 

Let P be a parabolic subgroup of G, that is, the stabilizer group of a 
point ^ in dX. In particular, G-invariant closed bounded forms on X admit 
P-invariant bounded primitives. 

Corollary 2.4. Let a S ri^(X, R)*^ be a G-invariant closed bounded form 
fork > 2. Then there exists a P -invariant differential form j3 G R)^ 
such that dl3 = a for a parabolic subgroup P of G. 



Proof. Let P = StahciC) for a point ^ in dX. Since a is G-invariant, it is 
P-inv 
form 



P-invariant. Furthermore, and (f)\ are P-invariant; thus, the differential 



I3 = iv([-J i4)*0(dt 

constructed in the proof of Proposition 2.2 is also a P-invariant differential 
form on X. □ 



Note that the Riemannian volume form lox on X is a G-invariant closed 
bounded form. Thus, it admits a P-invariant bounded primitive for a par- 
abolic subgroup P < G by Corollary 2.4. 
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3. Bounded fundamental class 

Let M be an n-dimensional complete Riemannian manifold with negative 
sectional curvature bounded away from zero. Let ojm be the Riemannian 
volume form on M. Recall that de Rham isomorphism : H^^{M) — >■ 
if^(M,R) is induced by 




where a is a /c-form on M and cr is a smooth fc-simplex in M. The volume 
class [ujm] of M in i?"(M;M) is the cohomology class determined by the 
cocycle a — > ujm{o')- Furthermore, we have a cocycle Qm defined by 

Dm(o-) = UJM{Strn{(j)) = / UM 

Jstr„{a) 

for any singular simplex cr : A"- ^> M, where Str^ : C*(M, R) C*(M, M) is 
the geodesic straightening map introduced by Thurston [31]. Since the vol- 
ume of geodesic simplices in M is bounded from above [21], the cocycle Qm 
is bounded, and so it determines a bounded cohomology class in HJ^{M,M). 

Lemma 3.1. Let M be a topological space and C*(M, M) be the singular 
chain complex of M . If ip^ : C*(M, M) C^{M,M) is a chain map ho- 
motopic to the identity, a cocycle z : C*(M, M) — t- M is cohomologous to 

Proof. Let H^, : C*(M, M) — > C*+i(Af, M) be the chain homotopy between 
■0* and the identity on C*(M, M), that is, 

dk+iHk + Hk-idk = ipk- id. 
Given a fc-cocycle z : Cfc(M, M) — >■ M, we have 

z o inkier) - z{a) = zo{ipk- id){a) 

= zo {dk+iHk + Hk^idk){cr) 

= z{dk+i{Hk{a))) + zo Hk^i{dkCf) 

= 6{zoHk^,){a), 

where 5 is the coboundary operator on the singular cochain complex C*{M, M). 
Thus, z and z o ijjy. represent the same cohomology class in H^{M,M.). □ 

Since the geodesic straightening map is chain homotopic to the iden- 
tity, it follows from Lemma 3.1 that ujm{-) and lDjv/ = oom ° Strn{-) rep- 
resent the same cohomology class in iJ"(M, M). In other words, [com] is a 
bounded cohomology class in HJ^(M,M) representing the volume class [com] 
in i?"(M,M). 
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4. Negatively curved manifolds 



In this section, we study the bounded fundamental class of pinched neg- 
atively curved manifolds. Let X be an n-dimensional, simply-connected, 
complete Riemannian manifold with pinched negative sectional curvature. 
Suppose that F is a discrete subgroup of the isometry group G oi X. De- 
note the limit set of F by Ar. The convex hull CH{A.y) of the limit set is 
F-invariant. The convex core Cm of M = T\X is defined by F\Ci/(Ar). If 
F is not elementary, the convex core Cm is the smallest convex submanifold 
of M such that the inclusion map of Cm into M is a homotopy equivalence. 
Then, M is called geometrically finite if the volume of the one-neighborhood 
A/i(Cj\/) of Cm in is finite. For a discussion of several equivalent defini- 
tions of geometrically finiteness, we refer the reader to [4]. 

Theorem 4.1. Let M he an n-dimensional, pinched negatively curved geo- 
metrically finite manifold with infinite volume. Then, ^m] = in HJ^{M, M). 

Proof. If F is elementary, F has an abelian subgroup of finite index. Then, 
the top dimensional bounded cohomology of M is trivial [26, Corollary 
7.5.11], and hence, [Qm] = in HJ^{M,R). 

Now let's assume that F is not elementary. Denote by com the Riemannian 
volume form on M and by cox the Riemannian volume form on X. In fact, 
the volume form ujm on M is induced from lox, that is, um = F\a;x- The 
top-dimensional de Rham cohomology of M is trivial because M is non- 
compact. Thus, there exists a differential {n — l)-form ( € 0"~^(M) such 
that UJM = dC- 

Let Vi, . . . be pairwise disjoint cusps of M. Then, there exists a 
horoball Hi in X with center at infinity € dX such that Vi is isometric 
to Fi\i?j, where Fj is a subgroup of F fixing for each i = 1, . . . ,k. Note 
that Fj is contained in the parabolic subgroup Pi of G fixing G dX. 

By Corollary 2.4, there exists a bounded Pi-invariant differential {n — 1)- 
form rji with ujx = drji, and we have 

WAf In = (F\a;x)ln = ^i\{^x\H,) = Ti\{drji\H,) = (i(Fi\??i)bi , 

for each i = 1, . . . ,k. The last equation is possible because rji is Pj-invariant 
and, therefore, Fj-invariant. Let V = Pi U • • • U be the disjoint union 
of Pi's and rj-p be the differential form on P with ry-p|p. = (Fi\ryj)|p- for 
each i = 1, . . . ,k. Since rji is a bounded differential form on Pj for each 
i = I,-- - ,k, rj-p is also a bounded differential form on P. Moreover, we 
have drj^p = ujm\v and 



Thus, CIp — ryp is a closed (n — l)-form on P. From the following exact 
sequence. 



d{C\v - r?p) = dClp - dr]p 

= ^m\v — ^m\v = 0- 
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there exists a closed (n — l)-form r on M such that 

[vr - C\v] = [i*T]. 
Hence, there exists a (n — 2)-form on V such that 

i*T - [rj-p - CIp) = dfi. 
One may extend fi to whole M; thus, we set (n — l)-form /3 on M by 

i3 = T + C-di^. 

Then, we can check 

dfj = dr + dC, — d^i-i = dC, = ujm, 

and 

/3|p = r\v + C\v - dfi 

= i*T + C\v - dfl = TTj-p. 

Since r/-p is bounded, /3|-p is also bounded. This means that there exists 
Li > such that for every x S "P, 

\\l5x\\= sup |/3a;(i;i, . . . < Li. 

i)i,...,j;„_lGT^iA/ 

Furthermore, since Cm — V is compact by the equivalent definition of the 
geometrically finite manifold, there exists L2 > such that the norm of /3 
over Cm — V is bounded from above by L2. Finally, we can conclude that 

11/3x11 <L, 

for every x € Cm, where L = max{Li, L2}. 

For any n-simplex a, we have cDmCc) = ujM{Strn{a)) = dj3{Strn{(y)) = 
j3{dStrn{(T)) = f3{Strn-i{da)) = S{l3oStrn-i){cr). Since the homomorphism 
i* : /7^(M, R) — > HJ^{Cm,^) is an isomorphism, [Qm] = if and only if 
[i*a}M] = 0, where i : Cm — >■ M is the inclusion. Note that Cm is convex, and 
hence, i*u}M is well-defined. Since the norm \\l3x\\ over Cm and the volume of 
geodesic simplices in M are uniformly bounded from above, i* {/3 o Strn) is a 
bounded cochain of CJ^~^{Cm,^), which implies [i*u}]\i] = in HJ^{Cm,M.). 
Therefore, we can conclude [Qm] = in //^(M, M). □ 

In contrast to the case of geometrically finite manifolds, one knows very 
little about Riemannian manifolds with infinite volume that are not geo- 
metrically finite. However, the situation in pinched negatively curved three- 
manifolds is completely different. 

Let M be a complete pinched negatively curved three-manifold with a 
finitely generated fundamental group. If M has no cusps, Agol [1] showed 
that M is topologically tame; that is, M is homeomorphic to the interior of 
a compact manifold with boundary. 

Definition 4.2. An end E of M is said to be geometrically infinite if there 
exists a divergent sequence of geodesies exiting E. An end that is not geo- 
metrically infinite will he called geometrically finite. 
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Bonahon [■'>] show that if an end E is geometricahy finite, then there exists 
a neighborhood U of E which does not intersect the convex core of M for the 
constant curvature case. However, it continues to hold for pinched negatively 
curved three-manifolds. It implies that if every end of M is geometrically 
finite, M is geometrically finite. In other words, if M is not geometrically 
finite, M must have a geometrically infinite end. 

Let {/ be a neighborhood of E. If, for some surface Se, U is homeomorphic 
to Se X [0, oo) and there exists a sequence of simplicial ruled surfaces (/j : 
Se — ^ U)i^^ such that /i^Se) is homotopic to 5^; x in ?7 and leaves every 
compact subset of M, then E is said to be simply degenerate. 

Theorem 4.3 (Bonahon). Let M be a negatively pinched complete three- 
manifold with r purely loxodromic. If M has boundary-irreducible compact 
core, then every geometrically infinite end of M is simply degenerate. 

This result is also available without the assumption that M has boundary- 
irreducible compact core, which was proved by Hou [2(1]. Therefore, if M is 
not geometrically finite, M has a simply degenerate end. 

Theorem 4.4. Let M be a complete, pinched negatively curved three-manifold 
with infinite volume and positive injectivity radius. Then, [ljm] = in 
H^{M,]R) if and only if M is geometrically finite. 

Proof. If M is geometrically finite, then [Qm] = in H^{M,M.) by Theorem 
4.1. Conversely, suppose that M is not geometrically finite and [ujm] = 
in H^(M,M.). We may assume that M has sectional curvature < — 1 by 
scaling the metric. Due to the positive injectivity radius of M, M has 
no cusps. By the theorem of Bonahon and Hou, M must have a simply 
degenerate end, denoted by E. From the definition of a simply degenerate 
end, there exists a sequence of exiting simplicial ruled surfaces {fi : S ^ 
U)i^^. Then, one can assume that the images {fi{S)} are disjoint and, 
moreover, J\fi{fi{S)) nJ\fi{fj{S)) = for all i,j £ N with i ^ j, where 
Mr{A) is the r-neighborhood of A in M for a subset ^ of M and r > 0. 

For each simplicial ruled surface fi : S —?■ U, there exists a triangulation 
Tj of S such that each face of Tj is taken to a non-degenerate ruled triangle 
and the total angle about each vertex is at least 27r. Each ruled triangle has a 
Riemannian metric of curvature at most —1 and, thus, fi induces a piecewise 
Riemannian metric Kj on S of curvature at most —1 with concentrated 
negative curvature at the vertices. It is useful to consider fi : (5, Kj) — )• U 
to be a pathwise isometry. It follows from the Gauss-Bonnet theorem for 
ruled triangles that we have 

Area(5,Ki) < 27r|x(5)|. 

Since inj(S', Kj) > inj(M) > rg for some tq > 0, there exists a constant 
R > depending only on xi^) and rg such that 

Diam(5, Ki) < R. 
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By the work of Freedman-Hass- Scott [13], there exists an embedding hi : 
S — 7- f/ with image in N'i{fi{S)) that is homotopic to fi : S U for each 
i S N. In fact, hi is the minimal area surface with respect to a metric on M, 
which is very large in the complement of N'i{fi{S)). Let Tj be the metric on 
S induced by hi. From the property of minimal area surface, we obtain 

Area(<S', Ti) < Area(S', Kj) < 27r|x(5')j. 

We refer to [9, Theorem 2.5] for more details about this. In addition, 
the diameter of (5, Tj) is uniformly bounded from above by R because of 
inj(5, Tj) > inj(M) > rg. Note that hi{S) fl hj{S) = for all i ^ j because 
Mi{fi{S))nMi{fj{S)) = for ah i,j G N with i ^ j. 
Let Vi be a finite set of points in {S,Ti) such that 

(1) any two points of Vi lie at distance at least ro/2 from each other, 

(2) for all X G (5, Tj), there exists p Vi such that the distance from x 
to p is less than ro/2. 

A set Vi is obtained by successively marking points in (S, Ti) at pairwise 
distances > ro/2 until there is no more room for such points. Due to Fejes 
Toth [12] and Buser [8], we can get a triangulation Ti of {S,Ti) as follows. 

Consider circles with radius less than ro/2 going through three or more 
points of Vi but such that no point lies in the interior of any of these circles. 
A continuity argument involving families of circles with growing radii shows 
that any point of Vi lies on such a circle. The radius of any circle in the 
family is less than ro/2. Moreover, if for each such circle we draw the 
inscribed polygon whose vertices are the points of Vi on that circle, then we 
get a tessellation of (S*, Tj). We refer to [8] for more details on this topic. 
Adding diagonals coming out of some fixed vertex on polygons that are not 
triangles, we get a triangulation Ti of {S,Ti). 

Now, we claim that the cardinality of Vi is uniformly bounded from above. 
From the construction of Vi, we have a family of two-dimensional small met- 
ric balls ro/4)}2.gv. that are embedded in (5, r,) and pairwise disjoint. 
By the estimation of the area of a small metric ball in [11], there exists a 
universal constant oq > such that the area of small metric ball B{x,ro/4:) 
can be estimated by 

Area(S(x,ro/4)) > aor^. 

Since the area of {S,Ti) is uniformly bounded from above by 27r|x(S')|, we 
have 

27t\x{S)\ > Area(i?(x,^)) > GorglHl. 

Thus, it gives an upper bound of the cardinality of Vi as follows: 

IV.I < 

ao^o 

By the uniform upper bound of |Vi|, the number of faces of T is also uni- 
formly bounded from above by A^o for some Nq € N. 
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Let M(i) be the region bounded by hi (S) and hi{S). By the Waldhausen's 
result [32], M(i) is homeomorphic to 5 x [0, 1]. Recall the Hauptvermutung 
conjecture, that any two triangulations of a triangulable space have a com- 
mon refinement, is true for dimension 2 (See [27], [25]). Hence, we have a 
common refinement TZi on S of both 71 and % for each i € N. 

Now, we will construct a triangulation /Cj of M{i) that restricts to triangu- 
lations corresponding to 7i and 7i of the boundary of M(i). For convenience, 
we think of M{i) as S x [0, 1]. First, cut M(i) along S x {1/2}. Then, we get 
two pieces, Mi{i) and M2{i), corresponding to 5 x [0, 1/2] and S x [1/2, 1], 
respectively. Since TZi is a refinement of 7i, there exists a triangulation /Ci(i) 
of Mi{i) such that /Ci(i) restricts to 7i of 5 x {0} and restricts to TZi of 
S X {1/2}. Similarly, there exists a triangulation /C2(i) of M2{i) such that 
lC2{i) restricts to TZi of S x {1/2} and restricts to 71 of x {1}. Since two 
triangulations /Ci(i) and /C2(i) have the common triangulation on S" x {1/2}, 
one can glue them and get a triangulation /Cj of M[i). It follows from the 
construction of /Cj that ICi restricts to 71(resp. 71) of 5 x {0}(resp. S x {1}). 

Prom the triangulation /Cj of M{i), we can obtain a singular 3-chain Zj 
in C3(M, R) with dzi = wi + Wi, where wi (resp. Wi) is the 2-chain in 
C2(M, M) obtained from the triangulation 71 (resp. 71). Note that wi and 
are cycles in C2(M, M) because /ii(S') and hi{S) are homeomorphic to 
the closed surface S. 

Let : C^,(M) — )■ C*+i(M) be the chain homotopy from the geodesic 
straightening map to the identity, that is, dk+iHi^ + H]^_idk = Str^ — Id. 
Recall that the chain homotopy Hk is defined by the straight line homotopy 
between any A;-simplex and its geodesically straightened simplex. Since wi 
and Wi are cycles in C2(M, M), we have 

dStrs{zi) = Str2{dzi) = Str2{wi + Wi) 

= dzH2{wi + Wi) + Hid2{wi + Wi) + {wi + Wi) 
= dzH2{wi + Wi) + {wi + Wi). 

Any singular simplex a in wi or Wi is contained in an embedded ball B in 
M with radius at most rQ/2. Since an embedded ball in M is geometrically 
convex, the image of Str2{cr) is contained in the same ball B, and hence, the 
image of the canonical straight line homotopy H2{cr) between a and Str2{cr) 
is also totally contained in B. From the definition of the canonical straight 
line homotopy, the volume of H2{(t) cannot exceed the volume of the ball 
with radius ro/2; that is. 



where i?(ro/2) is the greatest volume of any ball of radius ro/2 in M. If 
Bjf.[r) denotes the volume of a ball of radius r in the hyperbolic space 
H^, we have B{r) < aiB^i{r) for some constant ai > depending only on 
sectional curvature of M. Therefore, there exists a uniform constant 02 > 
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such that 



\uJM{H2{a))\ < Bi^) < aiSH3(y) < ^2. 



The assumption [Qm] = in i?^(M, M) imphes that there exists a 7 G 
C^(M, M) with Qm = ^7- Since the number of simphces in both u^i and Wi 
is less than Nq, we have 

(2) \QM{zi)\ = \Sj{z,)\ = \j{dzi)\ = \j{wi + w,)\< 2||7||ooiVo- 

On the other hand, since M is non-compact, there exists a /? G il^(M) 
with df3 = COM and thus. 



\i^M{Zi)\ 



Strsiz,) 



dp 



/3 



dStrsiz,) 



d3H2{wi+Wi)+{wi+Wi) 



> 



Mil) 



M{i) 



> Vol(M(i)) - 2Noa2. 

Since Vol(M(i)) goes to infinity as i tends to infinity, this contradicts in- 
equahty (2). This means that the bounded fundamental class [Qm] can never 
vanish if M is not geometrically finite, which completes the proof. □ 



5. Continuous bounded cohomology and bounded differential 

FORMS 

In this section, we collect some definitions and results about the continu- 
ous (bounded) cohomology of a group. We begin with the definition of the 
continuous cohomology of a group. 

5.1. The continuous (bounded) cohomology. Let G be a topological 
group. The continuous cohomology of G with coefficients in M, denoted by 
H*{G,M.), is defined as the cohomology of the complex 



with the usual homogeneous coboundary operator 5, where 

G^{G,R) = {/ : G''-^^ ^ M I / is continuous} 

and G^{G, M)*^ denotes the subspace of G-invariant cochains. This cobound- 
ary operator maps a G-invariant continuous function / : G*"'"*"^ ^> M to the 
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G-invariant continuous function 

k 

Sfigo, ■■■,9k) = ^{-'i-ffigo, • • • , ffi, • • • , 

1=0 

For / G C^'(G, M), we define its sup norm as 

ll/lloo = sup{|/(ffo, ■■■,9k)\\ (go, ...,9k) & G'+'}. 

The coboundary operator restricts to the complex C*(,(G, M) of contin- 
uous bounded cochains with respect to the sup norm on C*{G,M.) and the 
continuous bounded cohomology i/*^(G,M) is defined as the cohomology of 
this complex. The inclusion of complex C*f^{G,R) C C'*(G,M) induces a 
comparison map 

c*g:HI,{G,R)^H*{G,R). 

We refer the reader to [15] for continuous cohomology and [20] for the 
bounded continuous cohomology. 

Let G be a locally compact group and L be a closed subgroup of G. Then, 
the cohomology groups H*{L,W) and if*^(L,R) are computed as the coho- 
mology of the complexes G*(G, M)^ and G*(,(G, M)^, respectively. Further- 
more, the sup norm on G*(G, M) gives rise to the semi-norms in H*(L, M) and 
H*^{L,R). The restriction maps res* : H*{G,R) H*{L,R) and res^ : 
i?*^(G, M) — >■ H*f^{L,R) induced by the inclusion L < G are realized at the 
cochain level by the inclusions G*(G,M)^ C G*(G,M)^ and G*;,(G,M)^ C 
C*^^{G,R)^. For more details, see [2(3]. 

5.2. Bounded differential forms. Let G be a connected semi-simple Lie 
group with finite center and associated symmetric space X. Let L be a 
closed subgroup of G. According to the Van Est isomorphism, the con- 
tinuous cohomology H*(L,R) is canonically isomorphic to the cohomology 
H*{Q*{Ps!)^) of the complex {^l*{X)^,d) of L-invariant differential forms 
on X. In particular, the continuous cohomology H*{G,R) is isomorphic to 
because G-invariant differential forms on X are closed and bounded. 
Moreover, Q*{X)'^ in the top degree is one-dimensional generated by the G- 
invariant volume form uj^ on X. Hence, we have the Van Est isomorphism 
in top degree n: 

J :H^{G,R) ^n^'iX)^ = R-ujx. 

Unfortunately, there is no analogue of the Van Est isomorphism in the 
context of continuous bounded cohomology. However, Burger and lozzi 
[6] explore the relation between continuous bounded cohomology and the 
complex of invariant bounded differential forms. 

Theorem 5.1 (Burger and lozzi). Let T be a torsion-free discrete subgroup 
of a connected semi-simple Lie group G with finite center and associated 
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symmetric space X. Any class in the image of the comparison map 

cr : H^{T,R) H*{r,R) 

is representable by a closed form on T\X which is bounded. 

In fact, they construct a map 5^^^ : H*i^{L,R) H*{^ll^{X)^) for any 
closed subgroup L of G such that the diagram 




commutes, where i^ ^ is the map induced in cohomology by the inclusion 
of complexes 

i*^:nux)^n*ix). 

From this commutative diagram, it is seen that any class in the image of 
the comparison map is representable by a bounded closed form. 

6. R-RANK ONE LOCALLY SYMMETRIC SPACES 

In this section, we study the bounded fundamental class of M-rank one 
locally symmetric spaces M. Let X be the symmetric universal covering 
space of M and T be the fundamental group of M. Denote by G the identity 
component of the isometry group of X. 

Theorem 6.1. Let M be an n- dimensional, R-rank one locally symmetric 
space. Then, [Qm] = in H^{M,R) if and only if the Riemannian volume 
form ojm on M is the differential of a bounded differential form on M . 

Proof. We choose convenient complexes for M) and i7^(r,M). From 

[26, Corollary 7.4.10], those continuous bounded cohomology groups can 
be obtained as the cohomology of complexes C^{X,R)^ and C^(^,M)^, 
respectively, with the canonical homogeneous coboundary operator, where 
Cl{X,R) is defined by 

Cl{X,R) = {/ : X^+^ ^ M I / is a continuous bounded function}. 

The action of G and F are given by the natural diagonal action on the 
Cartesian product X^^"^. The restriction map resl : H*f^{G,R) H^{T,R) 
induced by the inclusion F < G is realized at the cochain level by the 
inclusion C;{X,R)^ C C;iX,Rf. 

Let ujx be the G- invariant Riemannian volume form on X. Then, one can 
consider a cochain '■ X^~^^ — )■ R in Cl{X,R) defined by 



idx{xo, ...,Xn)= I UJx, 

J[x(,,...,Xn] 
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where [xq, . . . , Xn] is the geodesic simplex with an ordered vertex set {xq, . . . ,Xn} 
in X. Since the form ujx is a G-invariant closed bounded form and the vol- 
ume of geodesic simplices in X is uniformly bounded from above, the cochain 
uix is a G-invariant bounded cocycle. Thus, it determines a bounded coho- 
mology class [Sx] in M). 

In order to avoid confusion with C^(^,M) defined above, let B*{X,M) be 
the subcomplex of the singular cochain complex of X consisting of bounded 
cochains. Then, the map vr* : C^{M, M) — )• B*{X, M) establishes an isometric 
isomorphism between C^(M, M) and B*{X ,M.)^ , and commutes with the 
differentials, where n : X M is the universal covering of M. Prom the 
definition of lvm, 

■k*Qim{t) = UkiiStrn o 7r(r)) = a;A/(7r o 5tr„(r)) = uxiStrnir)), 

for a singular simplex r : A*^ — > X. One can easily notice that 'k*u}m{t) 
depends only on the vertices of the simplex r : A" — )• X. Such a cochain is 
essentially a function X'"'~^^ — t- R, and so one can consider the cocycle 'k*ujm 
as a function X'^'^^ — > M defined by 

7r*DAf (Xo, • • • ,Xn) = UJx{[xo, Xn]) = LOx{xo, ■■■ , Xn). 

Thus, vr* : iJ*(M,M) H*{B*{X,M.)^) ^ H*{T,R) is an isometric isomor- 
phism with 7r*[a}Af] = res^{[Qx])- 

From [(), Proposition 3.1], we have the following commutative diagram for 
a discrete subgroup P of G. 

H1^{T,M) H^{ni^{X)^) ^^^^^ H2r{M,M) 




H*{r,R) 

Note that n^iX)^ = = H^{G,R) because G-invariant differen- 

tial forms on X are closed and bounded. Hence, one can easily see g = 
by Theorem 5.1. Since <JJ^ g = and Cg.([D;f]) = ojx, 

Now, suppose that [Qm] = in HJ^{M,R). Then we have 

res'S{[Qx]) = 7T*[u}M]=0. 

Prom the commutative diagram, we have 

resU^;,) = resl, o d^^^aii^x]) = 5^,r ° res^il^x]) = 0. 

This means that there exists a P-invariant bounded differential form P on X 
such that = df3. Since ojx and /? descend to differential forms on M and 
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ux descends to the Riemannian volume form ujm on M, we can conclude 
that OJM is the differential of a bounded differential form on M. 

Conversely, suppose that the volume form ujm on M is the differential of 
a bounded form /3 on M. Then UMio') = ujM{Strn{cr)) = d/3{Strn{o-)) = 
p{dStrn{a)) = l3{Strn-i{da)) = 6(0 o 5ir„_i)((j), where -5 : C7"-i(M,M) ^ 
C"(M, M) is the coboundary operator. This shows Qm = ^{P ° Strn-i). 
Since the volume of any geodesic simplex in M is uniformly bounded from 
above, there exists D > such that 

1/3 o Strn-i{a)\ < ||/3||oo • Vol{Strn-i{a)) < ||/3|U • D. 

This means that 13 o Strn-i G C^"^(M), and hence, [com] = in HJ^{M,R). 

□ 

From Theorem 6.1, one can see that the bounded fundamental class is 
closely related to the existence of a bounded primitive of the Riemannian 
volume form. Also, the existence of a bounded primitive of the volume form 
is closely related to the Cheeger isoperimetric constant. The Cheeger isoperi- 
metric constant h{M) of a complete non-compact Riemannian manifold M 
is defined by 

. Vol(9^) 
h{U) = mf — — — , 
ucM Yo\{U) 

where U ranges over all connected, open submanifolds of M with compact 
closure and smooth boundary. Gromov asserted that the positivity of the 
Cheeger isoperimetric constant of M implies the existence of a bounded 
primitive of the Riemannian volume form on M. Thus, one can notice that 
the bounded fundamental class is closely related to the Cheeger isoperimetric 
constant. In fact, a geometrically finite manifold in Theorem 4.1 is a kind 
of manifold that has a positive Cheeger isoperimetric constant. 

Let M be a negatively curved geometrically finite manifold of infinite 
volume with at least three dimensions. Then, Hamenstadt [19] showed that 
the bottom of the L^-spectrum of M is strictly positive. More precisely, 
there is a constant cq > depending only on the dimension and curvature 
of M such that the bottom Ao(M) of the L^-spectrum of M satisfies 

In addition, if the Ricci curvature of M is uniformly bounded from below, 
the Cheeger isoperimetric constant h{M) is strictly positive if and only if 
the bottom of the L^-spectrum of M is positive [22]. Hence, the Cheeger 
isoperimetric constant of a negatively curved geometrically finite manifold 
with infinite volume is strictly positive. 

It can be derived from Theorems 4.1 and 6.1 that the Riemannian volume 
form on geometrically finite, M-rank one locally symmetric spaces admits a 
bounded primitive. 
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Corollary 6.2. Let M be a geometrically finite, M-rank one locally sym- 
metric space with infinite volume. Then, the Riemannian volume form on 
M admits a bounded primitive. 

In particular, when M is a complete hyperbolic three- manifold with infi- 
nite volume, Canary [10] showed that M is geometrically finite if and only 
if the Cheeger isoperimetric constant of M is positive. Moreover, Soma 
[29] showed that [Qm] = in H^{M,R) if and only if M is geometrically 
finite. Applying our results to complete hyperbolic three-manifolds, we can 
summarize four equivalent conditions as follows. 

Corollary 6.3. Let M he a complete hyperbolic three-manifold with infinite 
volume. Then, the following are equivalent. 

(a) [cDm] = inHl{M,R). 

(b) The Cheeger isoperimetric constant of M is strictly positive. 

(c) The Riemannian volume form on M admits a bounded primitive. 

(d) M is geometrically finite. 

Proof. By the works of Soma and Canary, (a), (6), and (d) are equivalent. 
Theorem 6.1 implies that (a) is equivalent to (c). Therefore, the proof is 
completed. Furthermore, we can give an alternative proof of Soma's result 
about the equivalence of (a) and (d) as follows. 

If M is elementary, the fundamental group F of M has an abelian sub- 
group of finite index. Then, the bounded cohomology of M in dimension 3 
is trivial, and hence, [ujm] = in iJ^(M, M). If M is non-elementary and 
geometrically finite, [u)m] = in H'^{M,W) by Theorem 4.1. 

Conversely, suppose that T is non-elementary and [Sj\/] = in H^{M,M.). 
Then, the volume form on M admits a bounded primitive by Theorem 6.1. 
This implies that the Cheeger isoperimetric constant h{M) is strictly positive 
by Stokes' theorem. By the work of Canary [10], M has to be geometrically 
finite. □ 

Among the four conditions in Corollary 6.3, we observe that (6) does 
not imply (d) in general. Here is a counterexample. Let M = T\H^ be a 
quaternionic hyperbolic manifold of infinite volume which is not geometri- 
cally finite. By [23, Main theorem], the bottom of the L^-spectrum of M 
is positive, which implies that the Cheeger isoperimetric constant of M is 
positive even though M is not geometrically finite. Such a geometrically 
infinite manifold can be explicitly constructed as follows. Take a geomet- 
rically infinite surface group hyperbolic three-manifold (a degenerate sur- 
face group). Since is isometric to H^, we can make the surface group 
7ri(S') C 50(3,1) C 50(4, 1) stabilizes H^, whose limit set is again con- 
tained in H^. Then, it is easy to see that any e-neighborhood of the convex 
core has an infinite volume. Hence, we expect that the three conditions, (a), 
(b), and (c), are equivalent in general cases. 
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